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Calculation of Compressible Turbulent Boundary Layers
with Heat and Mass Transfer

TUNCER CEBECI*
Douglas Aircraft Company, Long Beach, Calif.

In this paper we present a general method for calculating turbulent boundary layers in two-
dimensional flows and investigate its accuracy for compressible flows with heat and mass
transfer. The method is based on the ideas of eddy transport coefficients and the numerical
solution of the governing equations in differential form. The experimental data considered
cover a Mach number range of 0 to 6.7 and include flows with and without pressure gradients.
The results indicate good agreement at high Reynolds numbers. At low Reynolds numbers
the agreement is not as good, and further work needs to be done in such cases.

Nomenclature

cf = local skin-friction coefficient, see Eq. (32)
CfQ = local skin-friction coefficient with no mass transfer
cf = average skin-friction coefficient
F = mass transfer parameter (pv)w/peue
H — total enthalpy, h -j- uz/2
I = mixing length
L = reference length

• M — Mach number
p = pressure
p+ = pressure-gradient parameter, [i>eue(due/dx)/(uw*)*]
Pr = molecular Prandtl number
Prt = turbulent Prandtl number
q = heat flux
Rx = Reynolds number, uex/ve
Re = Reynolds number, u£/ve
St = Stanton number, see Eq. (31)
T — absolute temperature
uw* = friction Velocity, (rw/pw)112

u,v = x and y components of velocity
vw

+ — dimensionless velocity ratio, vw/uw*
x,y = rectangular coordinates
/3 = velocity-gradient parameter, (2%/ue)(due/d£)
7 = intermittency factor
6 = boundary-layer thickness
5* = displacement thickness, I 1 — —— dy

JO L PeUeJ
em = kinematic eddy viscosity
eh = kinematic eddy conductivity
f] — transformed y-coordinate
9 = momentum thickness, I p

' J o
^ = dynamic viscosity
v = kinematic viscosity
£ = transformed x coordinate

mass density
shear stress
stream function

p =

peUe

u ,— dy
Ue

Subscripts
aw = adiabatic wall
i = inner region
e = outer edge of boundary layer
I = laminar flow
o = outer region
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t = turbulent flow
w = wall
oo = freestream conditions

Superscript
' = differentiation with respect to r\

1. Introduction

SINCE 1965 the present author and his co-workers have
been working on the development of a general boundary-

layer method for calculating incompressible and compressible
turbulent flows about two-dimensional and axisymmetric
bodies. The method which uses the concepts of eddy-trans-
port coefficients to eliminate the fluctuating quantities appear-
ing in the governing equations, in principle, is similar to the
ones used by Herring and Mellor1 and by Patankar and
Spalding.2 The three methods differ chiefly in their eddy-
transport expressions. In addition, the transformations used
to stretch the coordinate normal to the flow direction and the
numerical method used to solve the equations are consider-
ably different.

So far the method has been applied to a number of turbulent
flows, and the results are presented in several papers.3"7 In
almost all cases, the agreement between calculated results and
experiment was remarkable. For example, for compressible
adiabatic flows6 the calculated velocity profiles, Mach pro-
files, and local skin-friction coefficients agreed quite well with
experiments for a range of Mach numbers up to 5; the rms
error in calculated local skin-friction values based on 43 ex-
perimental values obtained by the floating element technique
was found to be 3.5%. It is important to note that these re-
sults were obtained by one, eddy-viscosity formulation, by
one turbulent Prandtl number formulation; and by a mini-
mum of four empirical constants that were kept the same
throughout the studies.

The present paper investigates the accuracy of the method
for compressible turbulent boundary layers with heat and
mass transfer. A number of turbulent flows are computed
with this method and the results are compared with experi-
ment. The calculated cases cover a Mach number range of
6.7.

The eddy-viscosity formulation used in this paper differs
from the previous ones in that the eddy viscosity formulation
of previous studies is generalized to handle compressible
flows with heat and mass transfer.

2. Basic Equations

If the normal stress terms are neglected, the compressible
turbulent boundary-layer equations for two-dimensional



1092 T. CEBECI AIAA JOURNAL

flows can be written as
continuity

momentum

<pV» = 0 (1)

energy

The boundary conditions are:
momentum

u(x,0) = 0
v(x,ty = 0 or t>(x,0) = ^ transfer) (4)
lim u(x,y)

y—>• oo

energy
H(x,0) or

;,tf) = H.(x)
(5)

3. Turbulent Transport Coefficient for
Momentum and Heat Transport

In order to solve the system (1-5) it is necessary to relate
the time-mean fluctuating quantities —(pu'v') and —(pv'H')
to mean velocity and enthalpy distributions, respectively.
Here, as in previous studies, we use eddy-viscosity (em) and
eddy-conductivity (eh) concepts. We define

-(pu'v') = pem<)u/?)y (6)
-(pv'H') = peh<)H/<>y (7)

and introduce a "turbulent Prandtl number," Prt'

Prt = €m/eh (8)

Although these transport coefficients do not necessarily de-
scribe the microscopic details of a turbulent flow and do not
provide basic information about the turbulence mechanism,
they are very useful tools in engineering.

In the eddy-viscosity formulation we regard the turbulent
boundary layer as a composite layer characterized by inner
and outer regions. The existence of the two regions is due to
the different response of fluid to shear and pressure gradient in
each region. In the inner region, we use an eddy viscosity
based on Prandtl's mixing-length theory,

f (em)i = I2\du/dy\ (9)
where I, the mixing length, is given by I = kmy with km =
0.4. A modified expression for eddy viscosity is used to ac-
count for the viscous sublayer close to the wall. With this
modification, suggested by Van Driest8 and developed on the
basis of a consideration of a Stokes-type flow, Eq. (9) be-
comes

(10)
where A is a damping length defined

In the outer region we use a constant eddy viscosity

(€w)0 = 0.0168 (ue — u)dy

modified by Klebanoff's intermittency factor9 approximated
by the following formula:

7 = [1 + S.S^/S)6]-1 (lib)

In the eddy-conductivity formulation, as in previous stud-
ies, we use the definition of turbulent Prandtl number and
lump the eddy-conductivity term (7) into the turbulent
Prandtl number given by Eq. (8), which is assumed to be
constant and equal to 0.9.

4. Generalization of Inner Eddy-Viscosity
Expression to Compressible Flows with

Heat and Mass Transfer

The expression given by Eq. (10) was obtained by Van
Driest for an incompressible flat-plate flow with no mass
transfer. As it stands, it cannot be used for incompressible
flows with pressure gradient or for flows with mass transfer.
The former is quite obvious, since, for a flow with an adverse
pressure gradient, rw may approach zero (flow separation).
In such a case, the velocity profile will have a discontinuity.
For this reason, in Ref. 10 the Van Driest expression was
modified to account for incompressible flows with pressure
gradient and mass transfer. In this section we will generalize
the Van Driest expression to compressible flows with heat and
mass transfer.

We consider Stokes flow, that is, a flow by an infinite flat
plate that executes oscillations parallel to itself. The govern-
ing momentum equation for the flow is the one-dimensional
nonsteady momentum equation. For a compressible flow it
is given by

The above equation is subject to the boundary condition

^(0,0 = UQ COSCO^ (13)

Introducing the transformation

into Eq. (12), we get

dy =

= (l/p/x)(c>Vc>z2)

(14)

(15)

If pfji is taken to be an average value over the sublayer, Eq.
(15) becomes

(16)

(17)

(18)

The solution of Eq. (16) subject to Eq. (13) is

u-= utf,~mz cos(coZ — mz)

where

m = [(co/2)p/Z]1/2

From Eq. (17) we see that the amplitude of the motion di-
minishes with distance from the wall as a consequence of the
factor exp(— mz). If we identify u as the fluctuation velocity
w', we see that when the plate is fixed and the fluid oscillates
relative to the plate, the maximum fluctuation velocity will be

z) (19)
where u$ is the velocity fluctuation unaffected by the viscos-
ity. Thus Eq. (19) shows that because of the viscous effects
it is necessary to correct the velocity fluctuation by (1 —
e~mz). From the definition of Reynolds shear stress, we then
can write

-p(u'v') = -P(u0'vQ')(l - e~™y
Since, according to PrandtPs mixing-length concept,

(lla)

(20)

(21)
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we see that Eq. (20) can then be written
-p(u'v') = l*(l -

If Eq. (18) is written in the form
m = [

(22)

(23)

we see that the units of (coP) 1/2 are that of a velocity. We will
take this velocity to be the sublayer friction velocity at the
edge of the sublayer and define it by

(coi?)1'2 - Us* = (n/p)1'2

Using Eq. (24), Eq. (23) can be written as
m =

(24)

(25)

As in incompressible flows, we shall take the constant in Eq.
(25) to be the same as the value in incompressible flows xand
write Eq. (25) as m = (ws*/26)p. Taking ju infdy/n to be
/Z, we can write the exponential term in Eq. (22 as

exp(-mz) = exp[- ( (26)

The friction velocity based on the sublayer (us*) can be de-
termined from the momentum equation. Neglecting d/dx (pu)
in Eq. (1), we see that in the sublayer

pv + (pV> = (pv)w

Then, in the sublayer, Eq. (2) can be written as

pwVw T/V, = —dp/dx + dr/dy (27)
where r = M du/dy. Since ju is a function of y, let us replace
V by its average value /Z in the sublayer. Then the solution of
Eq. (27), with the boundary condition r(0) = rw, and with
yw

+ = 11.8 as in incompressible flows, is given by

exp ~ + (28)

Equation (28) can also be written as
TS/P = (rw/Pw)(pw/p)N*

or as
us* = uw*(pw/pyi*N (29)

Then the damping length A in Eq. (10) will be

A = 2Qp/uw*(p/pw)^l/N (30)
It should be noted that the aforementioned expression for

the damping length has worked well for incompressible tur-

y-= 2.16, Me = 2.27

R0 = 9500
PRESENT METHOD

DATA OF PAPPAS

10 12 14 16 18 20

Fig. 2 Comparison of calculated and experimental Mach,
profiles for the boundary layer measured by Pappas.

bulent flows with heat and mass transfer4 as well as for com-
pressible adiabatic turbulent boundary layers.6 In this paper
we investigate its accuracy for compressible turbulent flows
with heat and mass transfer.

5. Comparison of Calculated and
Experimental Results

We present results of several computations with the present
method and compare them with experiment. The numerical
method is described in Ref. 11 and will not be repeated here.
The calculations here are made by using the eddy-viscosity
formulation given in Sec. 4 for a constant turbulent Prandtl
number of 0.9. The average values of density p and viscosity
/Z appearing in these equations are assumed to be given by
their local values, that is, p = p and M = /x.

Figure 1 shows comparisons of calculated and experimental
Mach profiles for the boundary layer measured by Michel at a
Mach number of 2.57.12 The calculations were made by
starting the flow to be compressible laminar at £ = 0, and
specifying the flow to be turbulent at the next £ station for
Tw/Te = 1.95, which was assumed constant along the plate.
The computations were then carried downstream until the
experimental Rx was obtained.

Figures 2 and 3 show the results for the boundary layer
measured by Pappas.13 The calculations were made for
Me = 2.27 and Tw/Te — 2.16. Again the calculations were
made by starting the flow to be compressible laminar at the
leading edge, and specifying the flow to be turbulent at the
next £ station. The experimental momentum Reynolds num-
ber varied between 3000 and 10,000. For this reason, the
calculated Mach profiles, shown in Fig. 2, were compared with
the experimental data for Re — 3500 and 9500. The agree-
ment is good and the calculations account for the Re effect.

281 mm

1.0 2.0 3.0 4.0 5.0 6.0 7.0
y~ mm

Fig. 1 Comparison of calculated and experimental Mach
profiles for the boundary layer measured by Michel.

= 2.27,

DATA OF PAPPAS
PRESENT METHOD

StxIO3

2 4 6 8 10

Ro X 10

Fig. 3 Comparison of calculated and experimental results
for the boundary layer measured by Pappas.
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Rfl = 2099

10 20 30
V/0

40 50 60

Fig. 4 Comparison of calculated and experimental
velocity and Mach profiles for the boundary layer measured

by Winkler and Cha at Re = 2099.

Figure 3 shows a comparison of calculated and experimental
values of local Stanton number St, defined as

St = -qw/peu6(Haw - Hw) (31)
and values of local skin-friction coefficient c/, defined as

= 2rjp.u.* (32)
In the calculations, the adiabatic wall enthalpy Haw was ob-
tained by repeating the calculations for an adiabatic flow.

Figures 4-6 show comparisons of calculated and experi-
mental velocity profiles, Mach profiles, local skin-friction co-
efficient and local Stanton number for the boundary layer
measured by Winkler and Cha.14 The calculations were made
for Me = 5.21 and Tw/Te = 5.145. The results show poor
agreement in velocity and Mach profiles at low Re values.
However, at higher Re values, the agreement is quite satis-
factory. The calculated local skin-friction values and Stan-

i.o r

M0 = 5.29 ~- = 5.564

PRESENT METHOD
O DATA OF WINKLER AND CHA

Rfl = 4300

10 20 30
V/0

40 50 60

Fig. 5 Comparison of calculated and experimental veloc-
ity and Mach profiles for the boundary layer measured by

Winkler and Cha at R0 = 4300.
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1.5
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R 0 X I03

Fig. 6 Comparison of calculated and experimental results
for the boundary layer measured by Winkler and Cha.

ton number values are also in good agreement with experi-
ment.

Figure 7 shows the results for an accelerating flow measured
by Pasiuk et al.15 Calculations were started by assuming a
constant heat flux flat-plate flow that matched the experi-
mental momentum-thickness value at x = 0.94 ft. Then the
experimental Mach number distribution was used to compute
the rest of the flow for constant heat flux. The edge Mach
number varied from Me = 1.69 at x = 0.94 ft to Me = 2.97
at x = 3.03 ft. Except at one £ station, the calculated profiles
are in good agreement with experiment.

Figures 8-10 show the results for the boundary layer mea-
sured by Danberg.16 The calculations were made for a Maeh
number of 6.7 and include flows with and without mass
transfer.

Figure 8 shows a comparison of calculated and experimental
Re, H, Cf and St values for no mass transfer. The calculations
were made for Tw/Te = 4.48. Figures 9 and 10 show a com-
parison of results for mass transfer. The calculations were
made for Tw/Te = 4.17 and/^ = 9.09 X 10~4.

Figures 11 and 12 show the results for the adiabatic bound-
ary layer measured by Jeromin17 at Me = 2. 5 for F = 0.421 X
io-3.

In Ref. 17 Jeromin compared his experimental static
temperature distribution with the temperature formula

T = Tw - (Tw - Taw)(u/um) - (Tr - (33)

which was proposed by S pence, Crocco, and Van Driest. He
observed that the agreement between experiment and the
above equation for various injection rates was satisfactory.
He used the above formula for analyzing most of his bound-

Table 1 Comparison of calculated and experimental local
skin-friction coefficients for the data of Squire19

F (C/)oal X IO3 (c/)exp X

0
1.3

2.02
1.50

2.03
1.40

(2.08)
(1.52)
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Fig. 7 Comparison of calculated and experimental results for the accelerating flow measured by Pasiuk et al.

ary-layer profiles, instead of measuring the temperature pro-
file for each. However, the difficulty in the application of the
temperature formula is the lack of accurate recovery factor
for flows with mass transfer. For that reason, he used Bartle
and Leadon's data18 for M. = 2 and 3.2.

Figure 12 shows a comparison of calculated static-tempera-
ture distribution for F = 0.421 X 10 ~3 with those obtained
from the temperature formula. In the application of the
temperature formula, the recovery factor was obtained
from Bartle and Leadon's data (as Jeromin did), as well as
from the present method. The results seem to indicate a
better agreement when the calculated recovery factor is used.

V'6*

C f x 10"

St x I04

4.0

2.0

0

16

14
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2.0

= 4.48
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DATA OF
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1

350 400 450
X ~- mm
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Fig. 8 Comparison of results for the boundary layer
measured by Danberg. Calculations were made for

Tw/Te = 4.48.

Figures 13 and 14 show a comparison of calculated and ex-
perimental velocity profiles for the boundary layer measured
by Squire19 at a Mach number of 1.80. The calculations were
made with and without mass transfer. Although for zero
mass transfer the agreement in velocity profiles is good, with
mass transfer they are not. On the other hand, the agree-
ment in local skin friction is good for both cases (see Table 1).
Experimental skin-friction values were obtained from the
momentum integral equation. The values in parenthesis
show the value of c/ obtained by ignoring the pressure gra-
dient term in the momentum integral equation.

The present method was also used to compute the bound-
ary layer measured by Dershin and Leonard.20 The measure-
ments were made at M« = 3.2. The skin-friction values were
obtained by a skin-friction balance that permitted mass in-

O DATA OF DANBERG
'w
J-4.,7. 9.09xl64,

PRESENT METHOD
6.0

R,xl63

4.0

2.0

16

, l4
12

10

14

4 10
C f x l O

Stx IO

350 400 450 500 550
X~ mm

Fig. 9 Comparison of results for the boundary layer
measured by Danberg.
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M.-6.60, ^L=4.26

F = 8.85 x IO"4

—— PRESENT METHOD
O DATA OF DANBERG, Rfi= 4698

Str.. xlO3 St_y pxl03 Cf x!03C f xlO3
CAL EXP TCAL Tgxp

3.56 3.60 9.60 5.89

0.10 0.20 0.30 0.40 0.50 0.60
Y ~ F T

Fig. 10 Comparison of calculated and experimental Mach
profiles, velocity profiles, local skin friction and Stanton

number values for the boundary layer measured by
Danberg.

jection through its friction surface. For the test conditions
the Re was about 33,000. The authors state that for zero
blowing the local skin-friction coefficient is about 0.0011,
according to Deissler and Loeffler's theoretical prediction.21

4.0

i___i___i___i___i———i

C f x l O
1.0

Raxl63

10.0

0.32 0.34 0.36 0.38 0.40 0.42 0.44 0.46
X METERS

Fig. 11 Comparison of calculated and experimental re-
sults for the boundary layer measured by Jeromin; Me —

2.5, F = 0.421 X IO-3.

Dershin and Leonard's measured value was 0.0009. The
value calculated by the present method is 0.00128. However,
it is believed that this value is probably more accurate than

Fig. 13 Comparison of
calculated and experimen-
tal velocity profiles for the
boundary layer measured

by Squire.

——PRESENT METHOD
O DATA OF SQUIRE

20

the others, since a previous study, reported in Ref. 6, showed
that the present method was very accurate for adiabatic tur-
bulent flows.

Figure 15 shows the ratio of c//c/0 vs 2F/c/0 for the data of
Dershin and Leonard. The theoretical predictions of Rube-
sin22 and the prediction of the present method are shown in
the same figure. It is important to note that although experi-
mental Cf values alone do not agree with the theoretical pre-
dictions, the ratio of the experimental values does, raising the
question of an "error" in measurements.

6. Concluding Remarks

Based on the results obtained in the study and on the results
obtained in previous studies,3"7 we can make the following
observations on the accuracy of the present method.

1) The method is quite accurate for incompressible turbu-
lent boundary layers with heat and mass transfer. This ap-
plies for both two-dimensional and axisymmetric flows in-
cluding transverse-curvature effects. The deficiency of the
method is at flow conditions near separation. Although the
method predicts flow separation quite accurately,23 the pre-
dicted velocity profiles and consequently, the temperature
profiles close to separation, are not satisfactory. Further
work needs to be done.

2) The method is quite accurate for compressible adiabatic
turbulent flows with no mass transfer for Mach numbers up to
5 (Ref. 6). In the case of compressible flows with heat and mass
transfer, the results, as presented in this paper, are satisfactory;
but they are by no means as good as those in adiabatic cases.
At high Reynolds numbers the agreement gets better. How-
ever, with increasing Mach number and decreasing Reyn-
olds number, the calculated results deviate from the experi-
mental data. Furthermore, the agreement, especially in
temperature profiles, decreases with increasing heat-transfer

2.5

2.0V

0.5

TEMPERATURE FORMULA WITH
RECOVERY FACTOR FROM

V PRESENT METHOD
O DATA OF BARTLE-LEADON

—— PRESENT METHOD

y xlO
Fig. 12 Comparison of temperature distributions for

Jeromin's data; Me = 2.5, F = 0.421 X 10~3.

l-Or

0.5

17500

Ra = 14650

Me = 1.8 ADIABATIC FLOW
F = 0.0013

——— PRESENT METHOD
O DATA OF SQUIRE

20

Fig. 14 Comparison of
calculated and experimen-
tal velocity profiles for the
boundary layer measured

by Squire.
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l.O

'o

0.5

> PRESENT METHOD
O Q DATA OF DERSHIN & LEONARD

1.0 2.0 3.0 4.0

Fig. 15 Comparison of calculated and experimental re-
sults for Dershin and Leonard's data; Me = 3.2, R$ =

33,000.

rate and Mach number. Consequently, further work needs
to be done at low Reynolds numbers and high heat-transfer
rates for high Mach number flows.
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